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We propose a new measure for eternal inflation that includes both conditions, large fleld fluctu- 
ations and smooth homogeneous domains, in the self reproducing probability estimate. We show 
that due to the increasing inhomogeneities in the background spacetime fractal, self-reproductions 
stops within a finite time tf, thus inflation can not be eternal. 
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I. INTRODUCTION 

Inflation is generally believed to be a natural way of 
solving three classic problems in cosmology; the flatness 
problem, the horizon problem and the monopole prob- 
lem. It therefore purports to explain why we live in state 
that is well described by a smooth Friedmann-Lemaitre- 
Roberstson- Walker (FLRW) universe. There is a diffi- 
culty with this scenario and that is in the nature of the 
initial conditions that give rise to such inflation. Suppose 
that inflation is due to a single scalar field </> governed 
by a potential V{(j)). Then in order to account for the 
observed present homogeneity of the universe, at the be- 
ginning of inflation the universe must be homogeneous 
on a scale about 10^ times the horizon scale. Thus infla- 
tion has merely transformed one homogeneity problem 
into another one, as has been emphasised by Trodden 
and Vachaspati In other words, the inflationary uni- 
verse scenario requires an incredibly homogeneous initial 
state. The requirement of such a special initial state is 
the flne-tuning problem of inflation; or to put in a slightly 
different way, this requirement gives rise to the puzzle of 
why the pre-inflationary state should have such low en- 
tropy. The improbable initial state needed for starting 
inflation occupies a very small volume in the phase space 
of initial conditions. 

However once inflation starts, quantum fluctuations of 
the metric and of the inflaton fleld with potential V {(/)), 
generate density perturbations 6p/ p with a scale invari- 
ant spectrum. The dynamics of large wavelength fluc- 
tuations is driven not only by the potential drift ^ but 
also by the backreaction of short wavelength modes which 
provide a diffusion term f{t,x) as described in more de- 
tail in the next section. When the dynamics of long wave- 
length perturbations is dominated by diffusion it leads 
to a stochastic behavior of these modes. The common 
lore is that a random large fluctuation will give rise to a 
newly produced inflating region, a new 'bubble' universe. 
Since the field undergoes Brownian motion in the diffu- 
sion regime then it enters a regime where large fiuctua- 
tions are favored therefore the universe keeps reproducing 
ad infinitum 0, 0, S Q • The self-reproducing regime is 
known as eternal infiation and it was first discovered by 
Linde in Q. The global geometry of the eternally in- 
fiating universe is highly nontrivial, it is a fractal where 
regions of large field excursions occupy a space volume 



with dimension d < 3 [a, |8| . 

Unlike scenarios of single shot infiation that are ob- 
tained by the extreme fine tuning of the initial state de- 
scribed above, eternal infiation appears to be unavoidable 
with many regions undergoing infiation and to a picture 
of a universe filled with many bubbles that are the re- 
gions of spacetime that can be considered to be their 
own universes. It is generic in the sense that all episodes 
of infiation arise spontaneously, without any fine- tuning 
of initial conditions and such events continue to occur for 
ever. 

The 'generic' reproduction of new universes seems to 
lead to an unbounded growth of phase space; in other 
words an infinite number of 'free lunches' is directly re- 
sponsible for appearing to violate unitarity on global 
scales. Eternal inflation leads then to a collection of dif- 
ficult problems. Firstly, spacetime is incomplete in the 
past so that there must still be some kind of an initial 
singularity [l^ . Space has become fractal in nature 
with non-inflating regions being the fractal set. The mea- 
sure for the geometry of space become non-normalizable 
associated to the apparent loss of unitarity. Tracing back 
in time this system of unbounded entropy and measure 
with a fractal space dimension, makes the problem of the 
improbable initial state an even more exquisitely special 
choice [Ulil . 

In this letter we examine the basics of eternal inflation 
by addressing the question: what is the probability that 
random large fluctuations of a scalar fleld can lead to the 
self-reproducing inflationary regime? We address this is- 
sue by taking into account the two ingredients needed for 
producing an inflationary bubble, namely the probabil- 
ity that the field will have a large fiuctuation and also 
the probability that this large fiuctuation will arise on 
a highly homogeneous patch of spacetime. As we show 
next, the probability to get a new bubble universe is 



R = Pst X 



(1) 



where is the probability that the field has a large 
fluctuation and P^t is the probability that this fluctua- 
tion does not 'fall' in an inhomegenous small domain of 
the background spacetime. We show that this measure 
is not infinite, and it does not violate unitarity. Further 
we show that this measure leads to the conclusion that 
producing new inflationary pockets. Pi , is even more 
unlikely than just simply obtaining a random large flue- 
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tuation of the scalar field Pa, , namely ^ ^ 1 since 
inhomogeneities from density perturbations grow quite 
fast thereby making the global spacetime geometry much 
more inhomogeneous in the future than the geometry at 
t = in the far past when inflation was not eternal. As 
we show below, generically Pst ^ 1- 

II. BASICS AND SETUP 

Let us assume that we have an inflaton field (j) in some 
slow roll potential, V{(p) in a FLRW universe with scale 
factor a{t). In the absence of any spatial dependence of 
(/), the field evolution is governed by 



where 



SttG 



= 



(2) 



(3) 



with fc = 0, ±1 for flat, closed or open universes. 

Inflation generates perturbations 6(j) which are frozen 
on superhorizon wavelengths with an amplitude 5(f) ~ 
Coarse-graining of the subhorizon fluctuations leads to 
a diffusion source term f{x,t) for the long wavelengths 
modes 3 such that 



< f{xiti),f{x2t2) >= l^^i'tl 



. sm z , , , 

h) (4) 



where z — aH\xi — X2\- The coarse-graining of short 
wavelength modes results in a Langevin equation for the 
field [ii 



iH^{x,t) + V\cf>)^ f{x,t) 



(5) 



where the second derivative terms have, as usual, been ig- 
nored. The probability distribution function for the field, 
P^, satisfying Eq.[5]is given by a Fokker-Planck equation 
which provides the diffusion equation that describes the 
brownian motion of the field 



dt 
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(6) 



as was first described by Starobinsky [2|. The diffu- 
sion coefficient obtained after coarse-graining is D = ^ . 
The first term in Eq. [6] gives the probability current 
due to the drift from the potential, while the second 
term gives the current due to the diffusion 0, H 
If V{(f>) — ^m?(l)^, corresponding to a free field of 
mass m, a stationary solution to Eq. [6] is the same as 
the Hartle-Hawking (HH) expression for the probability. 



P 



while the non-stationary 



e ~ e 

solutions are more complex, as is discussed in detail, for 
example, in [2|. [tI. [15| . 



III. A CRITICAL EXAMINATION OF THE 
PROBABILITY OF ETERNAL INFLATION 

A. The Measure Problem 

Since < (jy^ >~ Dt, then clearly, at large t the diffu- 
sion term dominates over the drift term in Eq. |6l Thus 
the field enters a regime where large fiuctuations are fa- 
vored. These estimates correspond to comoving volumes 
of horizon size with a fixed comoving Planck length. 
The latter choice is useful in avoiding issues associated 
with transplanckian physics since a fixed physical Planck 
length leads to a time-dependent phase space constantly 
replenished by transplanckian modes. 

So far the procedure appears quite straightforward: 
one implements a coarse-graining scheme by integrating 
out the environmental degrees of freedom and finds out 
that the 'bath' leads to a diffusion source term in the evo- 
lution equation for the 'system' which sets the field into a 
random walk. In this case the 'bath' is comprised of sub- 
horizon wavelength modes and the 'system' corresponds 
to long wavelength modes of the field. The combined 
dynamics of the drift and diffusion currents in Eq. [5] de- 
termine the probability distribution function (PDF) for 
the field (p to be found at some sufficiently large value 
0* ~ -f 50 for a new 'bubble' universe. Applied to a 
false vacuum decay potential this PDF is nothing more 
than the nucleation rate of bubbles F ~ e~'^* with a 
4— action 5*4 , that is the number of bubbles per unit 
4— volume. Applied to new, chaotic slow roll potential, 
or any other inflationary model, the PDF gives the con- 
centration of all the field fluctuations that reach the point 
~ (/) -f Scf), i.e. the number of large fiuctuations N((j)) 
that reach the point <j)^ per unit spacetime volume, that 
is 



P<k = 



(7) 



where the time interval 5t — CH^^, (with C < 1 a 
constant depending on the details of the potential), cor- 
responds to intervals during which the field within a Hub- 
ble volume remains nearly unchanged. At this stage, the 
conventional estimate that leads to the conclusion that 
inflation is eternal is based on the following two assump- 
tions: i) it assumes that a large fluctuation 0, will au- 
tomatically guarantee the production of a new inflation- 
ary universe; ii) it assumes that the field PDF should be 
multiplied by the newly produced infiating volumes in 
physical coordinates, namely 



(8) 



where 'i' counts the newly produced bubbles. 

We believe that assumptions (i) -I- [ii) above are in- 
correct and they lead to the paradox of infinite measure. 
The obvious conclusion obtained by following (z) -I- {ii) 
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thus Eq. [8] , which ignores the spacetime homogene- 
ity requirement on the estimates for eternal inflation, is 
the result that the probability of bubble production, and 
thus of eternal inflation, can become not only large but 
in fact infinite due to the 4— volume scaling in Eq.[7l The 
main reason for the paradoxical conclusions, such as the 
i/Z— famous infinite measure problem, derived from these 
assumptions, is the fact that a large fluctuation does not 
necessarily produce a new universe. The unbound growth 
of phase space resulting from the conventional estimate 
of probability becomes apparent since Eq. |5] introduces 
an extra source term, 3H{(f))P^, in the diffusion equation 
Eq. [6] written in physical coordinates, [13. The prob- 
ability of the field fluctuation finding an homogeneous 
domain on the background spacetime is as crucial to the 
reproduction process as the energy of the field. 

We propose a new physical measure for the probabil- 
ity of eternal inflation Pi instead of Eq.[7]by replacing (i) 
with a requirement of homogeneity on the initial state of 
any newly produced bubble for any potential inflationary 
domain and any fluctuation. We propose here that the 
PDF of the fleld should be multiplied with the prob- 
ability Pst of finding a homogeneous domain in a highly 
inhomogeneous background in physical coordinates, pro- 
duced by inflation, instead of multiplying it by the vol- 
ume as previously done in Eq. [T] As is well known having 
a large field fluctuation is a necessary but not sufficient 
condition for starting inflation since the spacetime region 
where this fluctuation arises should be exquisitely fine 
tuned to be smooth on scales larger than the Hubble vol- 
ume [ll|. This is the unpopular fine tuning problem of 
inflation. Therefore, it does not matter how many large 
fluctuations we have, they will not give rise to inflationary 
pockets if they arise from inhomogeneous domains on the 
spacetime background. The two key issues relevant for 
the existence of inflation, instead of the number of large 
fluctuations P^ and the physical volume ((«) -I- (ii)), we 
demand are : a) the probability of flnding a large fluctua- 
tion and, b) the probability that this large field excursion 
finds an homogeneous region in a highly inhomogeneous 
background. 



B. Our proposal: The probability of eternal 
inflation 

Clearly demanding (a) large field fluctuations and (b) 
homogeneous spacetime regions for their excursions in 
estimating the probability of eternal inflation, leads to 
the expression of Eq. [T]for the probability of inflation Pi, 
namely Pi = P^ x Pst 

The proposed probability in Eq. [T]is our main point. 
Eq. [H provides the correct estimate for the probability of 
producing new inflationary regions, i.e. the measure of 
eternal inflation, since it takes into account both condi- 
tions that are needed for producing inflationary universe, 
namely large field fluctuations on smooth homogeneous 
spacetime domains. The reason why previous estimates 



of measures based on criterion (ii) led to false results 
and infinite measures is because the estimated quantity 
from Eq. [7] is in fact the number of fluctuations passing 
through 0, anywhere on the background space, and not 
the PDF for bubble production. Let us recall that the 
PDF for the field P^ simply provides the concentrations 
of fluctuations with strength Scj) that go through some 
space time point (x, t) , 



P^ 



Njcpo + 5ct>) 



(9) 



where A'" is the number of all field excursions that start 
at <j)Q and fluctuate to the point 0o -I- 50 and V4 is the 
4— volume. If we were to multiply this expression with 
the 3— volume of space in physical coordinates, as was 
done in previous estimates of the measure (i) -I- {ii), then 
what we are really calculating is not a probability but a 
number flux, namely the number of all field fluctuations 
that go through the point 0* = i^o + ^0 at some time t 
anywhere in the physical space 3— volume Vz- Certainly, 
the number of fluctuations should be inflnite, thus it is no 
surprise that the measure always ends up being inflnite. 
The previous estimate of probability for eternal inflation 
based on assumptions (i) -I- (ii) rather paradoxically leads 
to a growing phase space. These two assumptions taken 
together lead to a picture where one estimates the total 
number of fluctuations anywhere in the physical space 
time volume (which of course is inflnite) and equates that 
with a probability distribution of inflating pockets, there- 
fore a growing phase space of inflation. To illustrate this 
point further we can use the example of false vacuum 
decay: if we were interested in the total number of in- 
stanton bubbles anywhere in the spacetime volume, then 
the number of instantons would obviously be inflnite even 
for the dilute gas case, since in physical coordinates the 
space volume is V3 = ~ e^^* and therefore according 
to Eq. [7] we should have that the probability of eternal 
inflation is ~ H-^^TV^ ~ jj-i^-Si+am _^ 

Next, we would like to estimate the probability of large 
fluctuations flnding homogeneous domains on the back- 
ground spacetime, P^t in order to investigate the results 
of the new measure Eq. [T] Generally in a highly inho- 
mogeneous spacetime such as this, homogeneous regions 
are the inflating domains. Therefore, Pst is given by the 
ratio of volumes occupied by inflating regions over the 
global volume of spacetime 



yh 

ytot 



(10) 



C. The probability of homogeneous domains Pst 

A consistent treatment of eternal inflation should in- 
corporate the relation of diffusive perturbations Eq. [B] 
with the global spacetime metric via Einstein equations. 
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Long wavelength inhomogeneities produce density per- 
turbations ^ which grow at large scales. Thus the metric 
of spacetime on global scales is quite complex and highly 
inhomogeneous. Part of this structure can be captured 
by the following metric with a space and time dependent 
scale factor a{x,t) 



ds^ ~ di^ - a{x,tfdx^ 



(11) 



Let us emphasise the complex inhomogeneous struc- 
ture of spacetime resulting from the dissipative field dy- 
namics by reviewing some previous results obtained in 
0] . These authors Q used a conformally Newtonian co- 
ordinate system in order to relate the field to the metric 



ds' 



(1 + 2$(a;, r)) dr^ - (1 - 2^(x, r)) dx^ (12) 



(with T the usual conformal time), and show that the 
relation obtained by Einstein equations and perturba- 



tion equation, 



-2$ and * ~ $ holds, for at least 



around an infiating region. In this gauge, the relation 
between the background potential $ and the field fluc- 
tuations leads in a straightforward manner to a diffusion 
equation for $ which is analogous to Eq. [5] for the held 
diffusion. That is, the metric of spacetime responds ad- 
equately to fleld excursions due to diffusion, as it should 
based on Einstein equations. The background potential 
4> has a dispersion A$ which also grows with time 



i< $^ >: 



2i/2^r 



3(37rFMp3)i/2 



(13) 



The growing dispersion on the metric is not surpris- 
ing since we expect ^ 0(1) at large scales. Since 

~ —2$ during inflation that naturally density per- 
turbations grow with time with the same dispersion as 

The key issue in these estimates is the fact that glob- 
ally the universe becomes highly inhomogeneous. Fur- 
ther work showed that in fact the global geometry of 
the universe is that of a fractal whereby homogeneous 
regions with ^ < 0(1) occupy a very small volume 
of dimension less than three [6]. Since the spacetime 
metric tracks the fleld then the probability of finding 
homogeneous regions at large times, estimated in [6] 

is P ~ P^dfj) « |e ^ where 0o is the bound- 
ary value of the field's excursion. This estimate leads to 
inhomogeneous spatial regions with fractal dimension d 
having a volume 



dHt 



d^3- 



For the case of an effective potential V 
with <^ the fractal dimension is d - 



(14) 



2 

and 



the probability of not having inhomogeneous regions is 



P ~ e sjp' . Similarly for V 
Starobinsky and Yokoyama 



]^-A0V4,d = 3- 



studied the stochastic 



behaviour of the field on a DeSitter (DS) background and 
estimated the two point correlation functions in space 
and time and showed that the spatial correlation size 
does not depend on time, i.e. the physical size of do- 
mains h with growing and decreasing field values remains 
constant independent of the DS background expansion. 

The implications of these results is that since the num- 
ber of homogeneous and inhomogeneous domains, even 
on a DS background, scales with the expansion then we 
can use the scaling properties of fractals to estimate the 
probability that a large field fluctuation flnds a homo- 
geneous domain on this fractal background. The evo- 
lution of each /i— domain with |0| < H is equivalent to 
the evolution of a single large volume V^°* with size R 
which started inflating at the initial time t = @ since 
the stochastic field excursions and therefore the evolu- 
tion of each /i— domain is independent from each other. 
Therefore, the total spatial volume for all homogeneous 
domains of size a; ^ i? in this background of size R oc- 
cupies a volume V'^ ~ x^{^Y due to the self similar 
properties of the fractal geometry. It follows that the 
probability of finding an homogeneous region of size x at 
any time 't' in this inhomogeneous background of size R 
is 



(15) 



For example, for chaotic or new inflation type poten- 
tials Pst ~ (f )^. Note that R = H-^a{t) where a{t) 
is some averaged value of the background expansion scale 
factor. Then 



P.1 



{Hx) 3H'-' e ^SH^' 



Ht 



(16) 



This relation holds for any potential V provided that 
the deviation a of the fractal dimension from the back- 
ground space of dimension three, a = [3 — d] replaces 
a = m^/3H'^ in the above example. It is clear from 
Eq. [16] that inhomogeneities grow too much within a 
time ~ 1^ ~ {aH)~^ . The critical timescale for the 
growth of inhomogeneities implies that the probability 
of a fluctuation flnding an homogeneous region in order 
to produce an inflationary pocket, is incredibly small for 
all times t > tf, according to our proposed measure. 
This result should be expected of any fractal geometry 
since the volume of homogeneous regions has a dimension 
less than three thus cannot flU the 3— volume of space 
and this homogeneous volume is increasingly diminish- 
ing with time relative to the background volume, as we 
proved in Eqs. [13 [Ml The resulting spacetime becomes 
highly inhomogeneous within a time interval, < t < tf, 
and the probability of flnding smooth domains becomes 
smaller and smaller. Large fluctuations cannot give rise 
to inflationary pockets without arising on homogeneous 
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domains. In short, inflation cannot self reproduce beyond 
the point t > tf. 

The full measure we proposed here, P = x Pst for 
example in the case of chaotic type inflation where the 
fleld has to fluctuate upwards in the potential, yields the 
following probability for eternal inflation 

P = P^xP,tC^Be ^{Hx)^e~^^>"* (17) 

with B a normalization constant. The case of false vac- 
uum decay potential leads to exactly the same result by 
replacing in Eq. [T7] the fluctuation PDF with the bub- 
ble nucleation rate = F and the fractal dimension 

■^j^ = [3 — d] with the result relevant to the false vac- 
uum decay fractal [3 — c?] = 3 — ^F obtained in [To| . 

IV. CONCLUSION 

We have shown here that inflation cannot sustain an 
eternal replenishment of 'free lunches' of new universes 
after a time t > tf ~ {d~3)H since the background space 
grows highly inhomogeneous. Therefore one of the two 
conditions for producing inflationary regions namely: (a) 
a large fluctuation and (6) an exquisitely homogeneous 
domain, is not fulfllled after time t > tf. 

We proposed a new measure that accurately takes both 
requirements of producing inflation into account in the 
probability expression. All previous proposals did not 
include the homogeneity condition (b) into the probabil- 
ity measure. The new measure is finite and normaliz- 
able, and it preserves unitarity. The latter can be seen 
by the fact that the diffusion PDF for the fleld is directly 
converted to a diffusion PDF for the entropy of fluctua- 
tions, S ~ log[P^]. Since individually large fluctuations 
spread in phase space due to diffusion and dissipation, 
then the volumes their trajectories occupy in the phase 
space grows. But the whole closed system that includes 
all the excursions does not change. The closed system oc- 
cupies a volume in phase space bound by a flnite entropy 
S given by the background horizon H^^. The trajec- 
tory of each individual fluctuation can only spread and 
grow within the finite phase space volume occupied by 
the closed system. In short, the phase space volume of 
the whole system and its finite entropy are larger than 
that of individual bubbles and fluctuations. Although the 
entropy of these subsystems can grow, it is finite and can 



only grow inside the bounds provided by the whole back- 
ground system. The entropy of the background system is 
that of the fleld at the hypersurface of initial conditions, 
i.e the entropy at the initial moment t ~ when inflation 
first switches on which docs not change. 

The new measure we propose removes some of the 
problems and paradoxes related to previous measures of 
eternal inflation. Previous measures were unbounded be- 
cause they resulted in large fluctuations being favored 
and equated that process with the production of new 
bubble universes. The probability of decaying to false 
vacuum or jumping higher up the potential were favored 
over the decay to lower energy states. Further, damping 
was missing from the Einstein-Smoluchowsky (E-S) type 
relation of dissipation to damping, due to the infinities 
produced. It is easy to see that with the new measure 
the E-S relation D/fi ~ kT, where fi is the damping co- 
efficient, is satisfied since T ~ H^^ therefore /i ~ DH is 
related to ^ ~ ('I^)jJ- 

Before the proposed measure here, we were in a sit- 
uation where either probability was not conserved or, 
it was not finite, or both. Besides, the width of the 
wavepacket < S(j)'^ >~ >> 1 loses quantum coherence 
which makes the exponential expansion of the newly pro- 
duced /i— domains nearly impossible 15]. Even fluctua- 
tions with < (50^ >^ 1, run the danger of < 6p'^ >> 1 
by the uncertainty principle in which case slow roll in- 
flation can not be obtained despite large field fluctua- 
tions. Taking into account the homogeneity requirement 
precludes the existence of coherence for the wavepacket 
which ensures that we recover the correspondence with 
the usual semiclassical equations of inflation where co- 
herent quantum fluctuations behave as classical states. 
We have shown here that, despite the diffusive behaviour 
of fluctuations, the probability of subsequent episodes of 
inflation is highly suppressed relative to even the proba- 
bility of single shot inflation which is already incredibly 
small. Thus inflation can not be eternal. 

Acknowledgements : LMH is grateful to Mark Trod- 
den for useful discussions and to DAMTP, Cambridge 
University, for their hospitality during the time part of 
this work was done. MJP would like to thank Gary 
Gibbons for discussions. LMH acknowledges the DOE 
support of grant DE-FG02-06ER1418 and of the Bahn- 
son fund. MJP is in part supported by the STFC 
roUing grant 5^7000434/1. MJP would like to thank 
the Mitchell family foundation and Trinity College Cam- 
bridge for their support. 



[1] M. Trodden and T. Vachaspati, What is the homogeneity 
of our universe telling us? Mod. Phys. Lett. A14, 1999. 

[2] A. A. Starobinsky, Stochastic De Sitter (Inflationary) 
Stage in the Early Universe De Vega, H.j. ( Ed.), Sanchez, 
N. ( Ed.): Field Theory, Quantum Gravity and Strings, 
107-126, 1986. 



[3] A. D. Linde, Eternally Existing Selfreproducing Chaotic 
Inflationary Universe Phys.Lett. B175, 395-400, 1986; 
A. D. Linde, Eternally Existing Selfreproducing Infla- 
tionary Universe Published in Phys.Scripta T15, 1986. 

[4] A. Vilenkin, Birth of Inflationary Universes Phys. Rev. 
D27, 2848-2855, 1983; 



6 



A. D. Linde and M. Noorbala, Measure Problem for 
Eternal and Non-Eternal Inflation, JCAPI009, 2010. 
[5] S. Winitzki, A. Vilenkin, Uncertainties of predictions 
in models of eternal inflation, Pliys.Rev.D53, 1996; 
A. Guth, Eternal Inflation, arXiv:astro-pli/0101507| 
1999. 

[6] M. Aryal and A. Vilenkin, The Fractal Dimension Of 
Inflationary Universe Phys.Lett. B199, 1987. 

[7] A. S. Goncharov, A. D. Linde, V. F. Mukhanov, 
The Global Structure of the Inflationary Universe 
Int.J.Mod.Phys. A2, 1987. 

[8] A. Guth, Eternal Inflation and its Implications, J.Phys. 
A40, 2007; A. Guth, Inflation and Eternal Infla- 
tion, Phys.Rept. 333, 2000. A.De Simone, A. H. Guth, 
A. D. Linde, M. Noorbala, M. P. Salem, A. Vilenkin, 
Boltzmann brains and the scale-factor cutoff measure of 
the multiverse Phys.Rev. D82, 2010. 

[9] A. Borde, A. H. Guth and A. Vilenkin, Infla- 
tionary space-times are incomplete in past directions 



Phys.Rev.Lett.90, 2003. 

[10] J. Garriga, A. H. Guth, A. Vilenkin Eternal infla- 
tion, bubble collisions, and the persistence of memory. 
Phys.Rev. D76, 2007; S. Winitzki, The eternal fractal in 
the universe, Phys.Rev.D65, 2002. 

[11] T. Vachaspati, M. Trodden, Causality and cosmic infla- 
tion Phys.Rev. D61, 1998. 

[12] S. M. Carroll, H. Tam, Unitarity Evolution and Cosmo- 
logical Fine-Tuning arXiv: 1007. 1417, 2010; J. S. Schiffrin 
and R. M. Wald, Measure and Probability in Cosmology, 
Phys.Rev. D86, 2012. 

[13] M. Tegmark, How unitary cosmology generalizes ther- 
modynamics and solves the inflationary entropy problem 
Phys.Rev. D85, 2012. 

[14] P. Peter, J-P. Uzan Primordial Cosmology Oxford Grad- 
uate Text, ISBN.019920991X, 2009. 

[15] A. Starobinsky and J. Yokoyama, Equilibrium state of 
a selfinteracting scalar field in the De Sitter background 
Phys.Rev. D50, 1994. 



